Abstract. We calculate the expected angular correlation function of Sunyaev-Zel'dovich (SZ)-detected galaxy clusters and discuss its use as a cosmological probe. As a projection of the real-space cluster correlation function, the angular function samples the underlying SZ cluster redshift distribution. The method proposes a way to increase the immediate scientific return from an SZ survey by studying cosmology and cluster evolution directly with the 2-dimensional catalog, even before exhaustive follow-up observations are performed. As a simple illustration of the information content of the angular function, we examine its dependence on the parameter pair (ΩM, σ8) in flat cosmologies. We discuss sources of modeling uncertainty and consider application to the awaited Planck SZ catalog.
Introduction
The Sunyaev-Zel'dovich (SZ) effect (Sunyaev & Zel'dovich 1970 , 1972 has become a practical observational tool for studying galaxy clusters and cosmology (for recent reviews see Birkinshaw 1999; Carlstrom, Holder & Reese 2002) . Current observations of individual clusters, when combined with X-ray observations, constrain cosmological parameters via gas mass fractions (Grego et al. 2001 ) and angular-diameter distance determinations (Mason et al. 2001; Jones et al. 2001; Reese et al. 2002) . Multi-band millimetric observations of a handful of clusters have already been used to set limits on peculiar velocities (Holzapfel et al. 1997; S. Church, private communication) , and theoretical studies of this technique show its promise for the future (Aghanim et al. 2002a; Aghanim et al. 2002b; Holder 2002) . A new generation of optimized, dedicated instruments, both large-format bolometer arrays and interferometers with high sensitivity receivers, will qualitatively improve these studies. And the arrival of these instruments within the next few years, in addition to the Planck mission, will move the field forward to its next important step: surveying. This will open a new observational window onto large-scale structure and its evolution out to large redshifts.
The ultimate goal of these SZ surveys is the construction of large cluster catalogs with multi-wavelength follow-up observations in order to perform cosmological studies; for example, constraining cosmological parameters with the counts and redshift distribution (e.g., Barbosa et al. 1996; Eke et al. 1996; Colafrancesco et al. 1997; Haiman et al. 2001; Holder et al. 2001; Weller et al. 2001 , Benson et al. 2001 Kneissl et al. 2001) . Driving this effort are the particular advantages of SZ-based cluster catalogs (Bartlett 2000; Bartlett 2001 ). Firstly, SZ surveys are intrinsically efficient at finding clusters at large redshift, due to the surface brightness constancy of the SZ effect 1 . The SZ spectrum is furthermore universal, the same for all clusters at any redshift 2 . Other emission mechanisms, in contrast, suffer from cosmological dimming and the need for accurate k-corrections. Secondly, SZ surveys select clusters based on their thermal energy. Since the spectrum is the same for all clusters, the total observable SZ flux from a cluster can be expressed in a frequency independent manner as the integrated Compton y-parameter, Y = dΩ y(n), where the integral is over the cluster profile (see equation (4) below). The y parameter being the pressure integrated along the line-of-sight (y ∝ dl nT ), this then implies Y ∝ M T , i.e., the thermal energy of the ICM. This is important, because the total thermal energy of the ICM is given by energy re-partition during cluster collapse and is independent of any thermal or spatial structure in the gas. It is hence a more robust quantity than, for example, the X-ray emission measure that depends in a more complicated fashion on both the ICM density and temperature. Object selection in a flux-limited SZ catalog is therefore relatively easy to interpret in terms of cluster mass and redshift. For instance, it is easy to show that the minimum detectable cluster mass is almost independent of redshift. This is particularly advantageous for evolutionary studies, because one is able to follow the evolution of the same kind of object over redshift, instead of comparing massive objects at high redshift to less massive ones at low redshift, as is the case with X-ray samples.
Detailed follow-up will, however, be time-consuming, and an enormous effort for the more than 10 4 clusters expected from Planck. It is therefore important to identify the kind of science that may be done directly with the two dimensional catalog of cluster positions and SZ fluxes, what we will refer to in the following as the SZ photometric catalog. This will certainly be the first science to be performed. Source counts represent the primary avenue of 2D study that has been discussed extensively in the literature. In this paper, we examine the next higher order catalog statistic, namely, the angular correlation function w(θ) of SZ-detected clusters. We quantify its information content and study its potential use as a cosmological probe. The angular function samples the catalog redshift distribution, because it is a projection of the real-space correlation function along the line-of-sight. With an appropriate model for the real-space correlation function of the catalog, we may gain some insight on this distribution, and hence on the underlying cosmological model. This idea is of course not new, and has been applied in the past to, for example, optical and X-ray cluster catalogs; but we reiterate the advantages of an SZ catalog in this context: the cluster selection function is relatively easy to model (compared to other observing bands), and it extends out to large redshift, giving a longer base-line for viewing evolutionary effects.
We should distinguish at the outset the difference between the angular power spectrum, C sz l , of SZ-induced temperature fluctuations (secondary anisotropies in the cosmic microwave background [CMB] ) and the angular correlation function of detected clusters in a SZ survey, w(θ). The angular power spectrum C sz l is a two-point statistic quantifying the integrated contribution of the entire cluster population to the CMB sky brightness fluctuations. It is dominated by the Poisson term and its overall shape is determined by the mean SZ profile of clusters. Cluster-cluster correlations add additional power on the order of 20 − 30% of the pure Poisson term (Komatsu & Kitayama 1999) . Since it is defined relative to the mean cosmic microwave background temperature, we expect the SZ fluctuation power to increase with the surface density of clusters on the sky. This is quantitatively confirmed by both numerical simulations and analytical calculations that indicate C sz l ∝ σ 7 8 (all other factors held constant), where σ 8 is the amplitude the density perturbations, the quantity most directly influencing cluster abundance. The fluctuation power spectrum is an analysis method appropriate in a low signal-to-noise context (the current situation) where individual source identification is not possible 3 . Fluctuations induced by the SZ effect have been invoked as a possible explanation for the excess power at high multipole l reported by the CBI collaboration (Bond et al. 2002) and consistent with new VSA data (Grainge et al. 2002) , although this would require a surprisingly large value for σ 8 (> 1; Bond et al. 2002; Komatsu & Seljak 2002; Holder 2002) .
The angular function w(θ) quantifies the projected clustering of a 2D catalog of individually detected clusters. It refers to the object positions and makes no reference to the mean background sky brightness. There are several ways to imagine using the information contained in the SZ cluster angular function. In the following we choose to illustrate its use by examining constraints on the matter density Ω M and σ 8 in the context of flat CDM-like models. The SZ counts provide one constraint on a combination of these parameters. To extract additional information from the 2D catalog using the angular function, we are forced to model the real-space cluster correlation function. In CDM scenarios, clusters form from peaks in the density field whose clustering may be analytically calculated. We adopt the approach proposed by Mo & White (2000; . Any conclusions that we draw are, therefore, unavoidably dependent on this clustering model; however, it is well founded in the context of CDM cosmogonies and compares well with the results of numerical simulations, at least at redshifts lower than ∼ 10 ( Reed et al. 2003; Jenkins et al. 2001) .
In the following section, we give our master equation for calculating w(θ) and identify the necessary modeling ingredients. We outline our cluster model in section 3 and present results for the angular function in section 4. In our closing discussion, section 5, we consider some observing requirements, taking the Planck mission as an example.
The Angular Correlation Function
In this section we relate the angular correlation function to the real-space correlation function in the context of SZ observations. The 3-dimensional (auto)correlation function ξ quantifies the 2-point clustering of a population in terms of the probability in excess of Poisson of finding two objects at a separation r. The angular correlation w(θ) of the same population is the projection of ξ onto the sky:
where the integrals concern two lines-of-sight (los) of solid angles dΩ 1 and dΩ 2 separated on the sky by angle θ. In this expression, dn/dM represents the cluster mass function, and we assume the small angle approximation here and throughout. The surface density of sources (the counts) with integrated Compton parameter larger than Y lim (the SZ 'flux' limit; see the following section, equation (4)) is given by
The correlation function ξ depends on cluster mass, redshift and, according to statistical isotropy, on physical separation r(θ) = r 2 1 (z 1 ) + r 2 2 (z 2 ) − 2r 1 r 2 cos(θ), where r 1 and r 2 are angular-diameter distances. Assuming that correlations fall off sufficiently rapidly with distance, as is observed, we may take the two clusters to be at approximately the same redshift and write ξ[M 1 , M 2 , z, r(θ)]. We furthermore adopt a linear biasing scheme in which
, where ξ dm (z, r) is the correlation function of the underlying cold dark matter and b(M, z) is the bias factor for clusters (see below). Then, using the short-hand notation
for the joint distribution of clusters in mass and redshift, weighted by the bias factor, we arrive at the expression
a sort of Limber's equation appropriate for SZ sources (Limber 1953 ; see also Peebles 1993 ) in which we explicitly show the dependence on limiting flux Y lim . From this equation we clearly see that the three key ingredients are the the mass-limit function M lim , the distribution function φ (the mass function) and the correlation function ξ dm . We now discuss our modeling of each.
The SZ Population
A simple cluster model will suffice to illustrate the uses of the SZ angular correlation function. We assume a self-similar cluster population to relate the SZ signal Y to cluster mass M and redshift z, and we adopt the results of large N-body simulations for the clustering bias b(M, z).
Cluster model
The abundance of galaxy clusters is given by the mass function of collapsed objects, which is completely specified once the linear power spectrum of dark matter perturbations is specified. For the latter we adopt the BBKS transfer function (see also below), while for the mass function we employ the fitting formula (improved Press-Schechter) given by Seth & Tormen (1999) :
where ρ is the universal mean mass density and the constants A ≈ 0.322 and q = 0.3; the parameter ν ′ = √ aν, where ν ≡ δc D(z)σ(M) is the usual critical peak height (δ c ≈ 1.69) normalized to the mass density perturbation variance σ(M ) in spheres containing mass M , and the constant a = 0.707. The expression for the growth factor for flat models with λ > 0 is taken from Carroll, Press & Turner (1992) :
; Ω M and Ω Λ written without an explicit redshift dependence will indicate their respective values at z = 0.
The abundance of cluster halos is now specified in both mass and redshift. To complete the model, we must relate the SZ observables, in particular the total SZ flux, to cluster mass and redshift. In a self-similar model, the integrated y-parameter (a frequency independent measure of the total SZ flux from a cluster, as defined in the introduction) may be written (e.g., Barbosa et al. 1996) :
explicitly showing the relation between a given flux limit and the selection on cluster mass as a function of redshift. In this expression
is the dimensionless angular distance and ∆(z) is the full non-linear overdensity on collapse. The parameter Y 15 = (1.5 × 10 −3 arcmin 2 )h 8/3 f gas , with f gas the cluster gas-mass fraction (e.g., f gas = 0.06h −1.5 from Evrard 1997). These relations specify the detection mass M lim (Y lim , z) as a function of SZ flux limit Y lim and redshift.
Correlation function
As mentioned above, we use a linear bias scheme to relate the cluster-cluster correlation function to that of the dark matter and employ the analytic fitting formula for b(M, z) given by Seth et al. (2001) ; the formula includes corrections for ellipsoidal perturbation collapse:
where δ c , ν and a are given above, and b = 0.5 and c = 0.6. We model the linear dark matter perturbation spectrum with the BBKS transfer function with shape parameter fixed at Γ = 0.25 and scale-invariant primordial density fluctuations (n = 1). This seems to provide a good fit to galaxy clustering data (Tegmark et al. 2002) and is consistent with constraints on n from CMB anisotropies (Spergel et al. 2003 , and references therein). The resulting linear theory ξ dm is adequate on most scales (θ > 10 ′ ), although we also include non-linear corrections according to the fitting formula developed by Peacock & Dodds (1996) .
Results
The calculated angular correlation function is shown in Figure 1 Although the two models have comparable angular correlations at the bright end (the upper curves in Fig. 1 corresponding to Y lim = 10 −3 arcmin 2 ), their dependence on catalog depth clearly differs. At the bright end, we are mainly observing the local cluster population, which is essentially the same in both models since the present-day abundance is the same and the density perturbation power spectrum is fixed (Γ = 0.25). Note that the low-density model has a slightly steeper slope at small separation, due to its greater non-linear evolution. The angular function of the low-density model decreases and shifts to the left more rapidly with survey depth than in the critical model. The overall trend is easily understandable and due to the fact that the selection function broadens and peaks at higher redshift with survey depth, moving correlations to smaller angular scales and generally washing out the signal as more clusters are projected along the line-of-sight. In bright galaxy surveys, which sample the local universe where space is approximately Euclidean and galaxy evolution may be ignored, the dependence of the angular function on survey depth follows an important scaling law that is independent of the underlying cosmological model. No such universal scaling law obtains in the SZ case, because the radial distribution extends out to large redshifts. For the relevant flux limits, a SZ catalog therefore samples evolution in both the underlying cosmology and in the cluster population. Since the cluster population evolves less rapidly with redshift in the low-density model, the angular correlation function therefore shifts down more rapidly with survey depth than in the case of the critical model. The angular correlation function of SZ clusters is therefore a cosmological probe.
As an illustration of this probe, we next consider the dependence of the angular function on the parameters (Ω M , σ 8 ) and compare it to the dependence of the SZ counts, with the intent of constraining these two parameters from SZ −3 , 10 −4 , 10 −6 arcmin 2 , decreasing from top to bottom). The models adopt the same linear matter power spectrum (shape parameter Γ = 0.25) and cluster gas-mass fractions (f gas = 0.06/h 1.5 , Evrard 1997; see also Mohr et al. 1999) , and they are normalized to the present-day cluster abundance. The strength of any constraint depends of course on the accuracy with which we measure both the counts and the angular function. Although a thorough analysis of this issue requires detailed simulations of a given survey, we may nonetheless make some general arguments to gain some insight into what may eventually be achieved. We take the Planck survey 4 as our example. The resolution of the Planck SZ catalog will be on the order of 5 arcmins (at best), so we can only expect to measure the correlations on larger scales (as the 30 ′ we have chosen in our analysis), and the fiducial sensitivity expected is Y ∼ 10 −4 arcmin 2 . Since the angular correlations are small in this context (≤ 0.1), we may estimate the (statistical) error on a measurement of w(θ) as the Poisson variance in the number of pairs, n pair , at this separation (e.g., Peebles 1980 ). This quantity is determined by the counts as follows: Suppose that we measure w in a annular bin of width ∆θ at angular distance θ from a cluster. The mean number of clusters in this ring is n = 2πθ∆θΣ(Y lim ), from which we deduce that the total number of pairs at this separation in a catalog of N clusters is about n pair ≈ (1/2)N × n = N πθ∆θΣ. In other words, we estimate the error to be
Notice that this statistical error depends essentially on the number counts Σ.
Consider as an example the presently favored flat Λ-CDM scenario with Ω M = 0.3, and for which we adopt a σ 8 = 0.9 (see discussion below on σ 8 ). The question we would like to address is, how precisely will we be able to constrain Ω M and σ 8 around their true values? From the predicted counts of ∼ 5 deg −2 for this model at Y lim = 10 −4 arcmin 2 , we expect on the order of 10 5 clusters in the full-sky catalog. The Poisson error on the counts will then be ∼ 1%. With these counts, we estimate from Eq. (5) an error of ∼ 3 × 10 −3 on w(θ = 30 arcmins) in a bin of relative size ∆θ/θ = 0.1. These error estimates define the shaded bands in Figure 4 , where the left-hand panel refers to our present discussion. The overlapping region of the two bands is representative of the 1 σ error box obtainable on the two parameters, i.e., Ω M in the range (0.15, 0.4) and σ 8 (0.87, 1.2).
This example is interesting and pertinent, because there are at present significant discrepancies between different estimates of σ 8 , arising from different assumptions made by the different analyses concerning cosmological parameters, cluster physics and data set construction (see, e.g., the discussions by Pierpaoli et al. 2002 and Refregier et al. 2002, and references therein) . The main recent results have been obtained by observations of the CMB on scales much larger than galaxy cluster scales (10 h −1 Mpc) (Lahav et al. 2001; Melchiorri & Silk 2001; Cooray & Melchiorri 2002; Spergel et al. 2003) , on 10 h −1 Mpc scale by direct measurements of the cluster abundance (Pierpaoli et al. 2001; Pierpaoli et al. 2002; Seljak 2002) , and on smaller scales by weak lensing Bacon et al. 2002; Hoekstra et al. 2002; Brown et al. 2002; Refregier et al. 2002) and Lyα forest observations (Croft et al. 2002; McDonald et al. 2000) . These results can be placed into two different groups: one preferring a high value of σ 8 ≈ 0.9 (at Ω M = 0.3; the Fig. 4 shows the constraint as a function of Ω M ) (Spergel et al. 2003; Bacon et al. 2002; Bond et al. 2002; Croft et al. 2002; Hoekstra et al. 2002; Refregier et al. 2002; Komatsu & Seljak 2002; van Waerbeke et al. 2002; Oukbir & Arnout 2001; Pierpaoli et al. 2001; van Waerbeke et al. 2001) , and another favoring a low value of σ 8 ≈ 0.7 (at Ω M = 0.3, and following the dot-dashed line in Fig. 4 for other Ω M ) (McDonald et al. 2000; Maoli et al. 2001; Seljak 2001; Bahcall et al. 2002; Cooray & Melchiorri 2002; Brown et al. 2002; Hamana et al. 2002; Melchiorri & Silk 2002; Viana et al. 2002) . The internal errors on these estimations are about 10% on σ 8 . We consider in the right panel of Fig. 4 once again a model with Ω M = 0.3, but with a lower value of σ 8 = 0.7. Because there are fewer clusters in this case, the error on w(θ) is slightly larger. We unfortunately no longer have a very good constraint on Ω M . On the other hand, the limit on σ 8 is still good enough to exclude the upper values, and in particular the previous case of Ω M = 0.9. This just illustrates that the extreme models are separated by the analysis.
All of this raises an important, if somewhat technical issue. Any model for the SZ emission of a cluster involves a temperature-mass relation: T = T * F (M, z), where F is some function of mass and redshift. This relation is at present open to some controversy, with a significant difference between the normalization T * predicted in hydrodynamical simulations and some observations (Nevalainen et al. 2000; Finoguenov et al. 2001; Xu et al 2001) . One of the primary origins of the different estimates of σ 8 comes, in fact, from different choices for T * ; the dot-dashed line in Fig. 4 from Viana et al. (2002) corresponds to one choice, while the upper dashed-line corresponds to the choice of Pierpaoli et al. (2001) . We have taken our value for T * from the simulations of Evrard et al. (1996) . This choice is consistent with the local cluster X-ray temperature distribution if σ 8 is at the high end of the above-discussed range, i.e., along the upper dashed curve. In Figures 3 and 4 , we have kept this T * fixed while varying σ 8 , implying that some of the models are inconsistent with the local temperature function. As mentioned at the outset, our philosophy is to illustrate the use of the SZ angular correlation function by extracting constraints using only the 2D SZ catalog. A more involved analysis of cosmological constraints, which we leave to a future work, would bring into play different, non-SZ constraints. For example, the contours in Fig 3 indicate that the predicted counts decrease with Ω M at fixed σ 8 . If, however, we move to lower densities along the local normalization degeneracy (i.e., either the the dashed or dot-dashed line), then the counts in fact increase. When combined with these other constraints, a measurement of the SZ counts will therefore break the local degeneracy in between Ω M and σ 8 , allowing an independent determination of Ω M . This is, of course, one of the primary reasons for measuring the counts, and it forms an important part of the science targeted by Planck and a host of proposed ground-based experiments (independent of the science that will be done with additional follow-up observations of these surveys). By adding the angular correlation function into the analysis, we might be able to constrain all three parameters (Ω M , σ 8 , T * ).
Discussion and Conclusion
We have calculated the angular correlation function of SZ-detected clusters and suggested a way to extract cosmological information directly from a 2D SZ cluster survey using both the counts and the angular function. This was illustrated for the parameter pair (Ω M , σ 8 ) in the context of flat Λ-CDM models. Based on simple estimates of the measurement uncertainties, it appears possible to individually constrain both parameters with just the 2D catalog. More detailed issues should be addressed in a future work. Our present error estimate is clearly oversimplified. A detailed examination of the measurement accuracy, in particular of w(θ), requires simulations of the SZ survey characteristics, including instrument noise and foreground contamination, as well as of the catalog extraction algorithms. The survey selection function will in reality depend on these details (Bartlett 2001; Melin et al. 2003; White 2003) , and so will the errors on the counts and measured angular function. On the theoretical side, a number of modeling issues need further exploration; for example, the influence of the adopted clustering model (bias model) and of the T − M relation when other non-SZ constraints are brought into play.
It is clear that the most powerful constraints from an SZ survey will come from the full redshift distribution. The interesting point is, however, that the method proposed here increases the immediate scientific return from an SZ survey in offering a way to obtain pertinent cosmological constraints using only a 2D SZ catalog, without recourse to follow-up observations.
